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^ ' Abstract: We consider the massive Dirac-Klein-Gordon system in two space dimensions. 

Under the non-resonace mass condition, we show that the solution is asymptotically free if 
P^'. the initial data are sufficiently small in a suitable weighted Sobolev space. In particular, it 
<^ I turns out that the Dirac component of the DKG system tends to a solution of the free Dirac 
_H ' equation. Our proof is based on the algebraic normal form method. 
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1 Introduction 

This paper is intended to give a remark on applications of the algebraic normal form method 
developed by [8], [6], [7], |3], [lO], [S], etc. The model equation which we focus on is the 
two-dimensional massive Dirac-Klein-Gordon system 

■ ( ^^'"^ V^^f"^) , (t, X) G R X (1.1) 

with the initial condition 

(V',0,5t0)k=O = (V^O,0O,0l), XGRl (1.2) 



*Department of Mathematics, Osaka University, Toyonaka, Osaka 560-0043, Japan. 
E-mail: m-ikeda@cr .math . sci . ossLka-u. ac.jp 

'''Graduate School of Mathematical Sciences, The University of Tokyo, 3-8-1 Komaba, Meguro-ku, Tokyo, 
153-8914 Japan. E-mail: simomura@ms.u-tokyo.ac.jp 

■l-Department of mathematics, Osaka University, Toyonaka, Osaka 560-0043, Japan. 
E-mail: sunagawaSmath . sci . osaka-u. ac . jp 



1 



Here {ip,(f)) is a x M-valued unknown function of {t,x) G M x M^. M, m are positive 
constants, g is a. real constant, O = d"^ — A, A = df + dj = d/dxj (j = 1, 2) and ( ■, ■ )c2 
denotes the standard scalar product in C^, i.e., {u,v)c2 = u^v for M,t> G (regarded as 
column vectors), where is the complex conjugate transpose of u. The Dirac operator Dm 
is defined by 

Vm = dt + aidi + 02^2 + iMP = dt + a-V.^ + iM(3 
with 2x2 hermitian matrices ai, a2, P satisfying 

a\a2 + 0:201 = Oi/3 + /3oi = cx^fi + (ia.2 = O. 

We also set 

then we can easily check that the following relations hold: 

VmVm = VmVm = (□ + M2)J. 
This implies that the solution (■?/', 0) of (ll.ip - (ll.2l) also solves 

" ;□ + M^)^ = igVMim). ^) e M X (1.3) 

with the initial condition 

(V^,9iV,0,5t0)b=O = (^0,^^1,00, 0l), Xe^\ (1.4) 



where = —(a ■ + iMf3)il)Q + ig(j)o/3ilJo. According to Theorem 6.1 of [9] (see also [TO] . 
[1]), the solution of fll.3p -( TT^ exists globally in time if m 7^ 2M and the data are sufficiently 
small, smooth and decay fast as |x| — > 00. Moreover there exists a solution (■?/'^,0^) of the 
free Klein-Gorodon equation 

r (□ + m2)7/'± = 0, 

\ (□ + m2)0± = 0, 

such that 

1 

Jrn^ J](||a^(^(t, ■) - ^^{t, -mm-. + Mm, ■) - 0±(t, -Mh^-,) = 0. 

In this sense, the solution of fll.ip - fll.2l) behaves like a solution of the free Klein-Gordon 
equations in the large time if m 7^ 2M. However, this does not imply that the solution is 
asymptotically free. What we emphasize here is that a solution u of the free Klein-Gordon 
equation (□ + M^)-u = is not necessarily a solution of the free Dirac equation Vmu = 
in general. So the following question arises: Does the Dirac componet ip{t) of U-l\) tend to 
a solution of the free Dirac quation as t ^ ±00 ? As far as the authors know, there are no 
previous papers which address this question in the case of two space dimensions. There are 
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several results in 3D case (see e.g., and the referances therein), however, those methods 
do not work well in 2D case because of the insufficiency of expected decay rate with respect 
to t of the nonlinear terms. We will give an affirmative answer to this question by using the 
algebraic normal form method. 

To state the main result, let us introduce the weighted Sobolev space 

equipped with the norm 

\\u\\hs,.^^.) = 11(1 + I • n'/'(l - Ay/\\\L2^^.y 

As usual, we write H'^ = H"^'^ and HMH/fs = ||'u||//s,o. Our main result is as follows. 

Theorem 1.1. Let m ^ 2M. Assume that (V^o,0o,0i) e H'^^^' x H'+^''' x H'^'{R^) with 
s > 18. There exists a positive constant e such that if 

||V'o||/f^+i.»(R2) + ||0o||h»+i>=(R2) + ||0i||h»^»(M2) < (1-5) 

the Cauchy problem fll.ll) - fll.2l) admits a unique global solution {ip,4>) satisfying 

1 

^ e C(M; H'+\R^)), G Pi C\[0, oo); H'+^-^R^)). 

k=0 

Furthermore, there exist ip^ G H'^^^iR?) and (0o,0^) G H"^^^ x H'^^'^iRp') such that 

1 

hm ||V^(t,-)-^^(t,-)b-i =0 and lim ||a^(0(t, ■) - 0^(t, = 0, 

3=0 

where ip^ and 0^ are the solutions to 

Vm^^ = Q , / (□+m2)(/.± = 

^%=o = ^^ \ (0^a,</.±)l,=o = (0o^0^), 



respectively. 

Remark 1.1. The condition m ^ 2M is often called the non- resonance mass condition. 
Difficulties appearing in the resonant case (m = 2M) are explained in |5j. 
Remark 1.2. Recently, the ffist author considered the final state problem for (11. ip in two 
space dimensions and succeeded in showing the existence of wave operators for (11.11) under 
the non-resonance mass condition. See |2] for the detail. 

The rest of this paper is organized as follows: In the next section, we give some prelim- 
inaries mainly on the commuting vector fields and the null forms. In Section 3, we recall 
and develop an algebraic normal form transformation. We will get an a priori esimate of the 
solution in Section 4. After that. Theorem 11.11 will be proved in Section 5. Throughout this 
paper, we will frequently use the following conventions on implicit constants: 

• A < B (resp. A > 5) stands for A < CB (resp. A > CB) with a positive constant C. 

• The expression / = XIIgxS'k means that there exists a family {C^jKei^ of constants 
such that / = Y.KeK ^f^dn- 

Also, the notation (y) = (1 + lyp)"'^''^ will be used for y G with a positive integer A^. 
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2 Commuting vector fields and the null forms 

In this section, we summarize basic properties of some vector fields associated with the 
Klein-Gordon operators. We put xq — —t, x = (xi,X2), ^ab = Xadi, — Xbda, < a,b < 2, 
d = {do, di, 82) = (dt, , d^^) and 

Z = (Zi, . . . , Zq) = (do, di, 82, 0,Qi, flQ2, 0,12) . 

Note that the following commutation relations hold: 

p + m\Zj] = 0, (2.1) 

[Qab, dc] = Vbcda - Vcadb, 

l^ab, ^cd] = Vad^bc + Vbc^ad — Vac^bd — Vbd^ac 



for m e M, 1 < J < 6, < a, & < 2. Here [•, •] denotes the commutator of linear operators, 
and (?7afe)o<a,fe<2 = diag(-l, 1, 1). Note that □ = - Ylfi=oVabdadb- For a smooth function u 
of {t,x) e M^+^ and for a non-negative integer s, we define 



\u 



{t,x)l:= J2 \Z''u{t,x) 



and 

\u\<s 

where u = [ui, . . . , i/g) is a multi-index, Z" = Z^ ■ ■ ■ Z^ and \v\ — ■ ■ ■ + Uq. Next we 
introduce the null form Qq and the strong null forms Qab as follows: 

2 

Qo{u,v) = - ^ Vab{daU){dbV), (2.2) 

a,b=0 

Qab{u,v) = {daU){dbV)-{dbU){daV), < a, 6 < 2. (2.3) 

We summarize well known properties on the strong null forms. 
Lemma 2.1. Let u, v he smooth functions of {t,x) G M}'^^. We have 

\Qab{u,v)\ < ^1^1 ^ 1^1^ (l^M^^I + l^^^ll^ll) 



for < a,b < 2, and 



c,d=0\\\+\ix\<\v\ 



for any multi-index v. 
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3 Algebraic normal form transformation 

This section is devoted to some decomposition of the nonhnear terms in (11. ip . 

Let Vj and Vj be smooth functions of G M^"*"^ (not necessarily scalar- valued) , and let 
mi, 7712 be real constants. We set hj = (□ + mj)vj and hj = (□ + m^)vj for j = 1,2. We 
write 

F ~ G 

if F — G can be written as a hnear combination of Qab{d^Vk, d'^vi), {d^Vk){d^hi), {d^hk){d"vi) 
or hkhi with |z/| < 1, < a, 6 < 2 and 1 < k,l < 2. The following lemma is important 
for our main purpose. 

Lemma 3.1 ([H], Put e^i = VkVi, e^i = Qo{vk,vi) and Cj = D -\- m?-, where Qq is given 
by ^EW- have 

[Cjieki) Cjieki)) ~ (ew eki)Ajkh 

where 

^ ^ fm]-ml- mf 2mlmf \ 
\ 2 - ml - mf J ' 

See Proposition 4.1 of |4j or Lemma 6.1 of ^ for the proof of this lemma. Remark that 
the proof remains valid in the vector-valued case. 

Now we focus our attention to the structure of the matrix Aj^i- Since 

det Ajki = Y\. ("^i + (^iT^k + (^2m), 
o-i,o-2e{±i} 

we see that A121 and ^211 are invertible if 77^2 7^ 2777i. Moreover we have 

VkVl = Bm) 

= {eki e,i)A,ki (l'"') 

~ (£,(6,,) £,(e,,)) (f') 

= (□ + 777^) [pjklVkVl + PjklQo{Vk, Vl)j 

with 

for {j,k,l) = (1,2,1) or (2,1,1). By using the above formula with (7771, 7772, f 2, "Wi) = 
{M,m,(j), f^ip) or (r77i, 7772, f 1, -ui) = {MjUijip'^ , 134'), we arrive at the following decomposi- 
tions for the nonlinear terms in (II. ip : 
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Corollary 3.2. Let {ip, 0) be a solution for U.l\) with m ^ 2M. We have 

r tg(j)l3^ = Vm{VmAd) + Nd + Rd, 

\ g{ij, /3ij)c2 = (□ + m^)AKG + Nkg + Rkg, 

where 

Ad= ^' (9'^0)/39>, 

lMl.kl<i 

Akg= ^' (9^V,/35»c^, 
ImI>I<i 

2 

a,b=0 \l-i\,\u\<l 
2 

a,b=0 \tJ.\,\u\<l 

and Rd, Rkg are smooth functions of {{d'^ip)\fi\<2, id'^(f>)\u\<2) which vanish of cubic order at 
(0,0). 

Remark 3.1. Roughly saying, the above assertion tells us that the right-hand side in (11.11) 
are splitted into two parts: The first one is the image of the corresponding linear operator, 
and the second one consists of faster decaying terms which can be regarded as harmless 
remainder when t ^ 1. By pushing the first part into the left-hand side, we can rewrite 
(fTTjl as 

r VmH^ - VmAd) = Nd + Rd, 

\ (□ + m2)((/) - Akg) = Nkg + Rkg- 

This is what we call the normal form transformation. 



4 A priori estimate 



The goal of this section is to get some a priori estimate. From now on, we consider only the 
forward Cauchy problem (i.e., t > 0) since the backward problem can be treated in the same 
way. Let (?/>, 0) be a solution of ([III])-([II2D for t e [0,T). We define 



EiT) 



sup 

0<t<T 



{t)-'{\\m\\s + \\dm\\s + \\m\s + \mt)\\s) 
+ \\m\\s-2 + \\dm\\s-2 + \\m\\s-2 + \\dm\s-2 

+ SUp{(t+ |x|)(|V^(t,x)|,_8+ |0(t,x)|,_8)} 



where s > 18 and < 5 < 1. Then we have the following. 
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Proposition 4.1. Let m ^ 2M. Assume that fll.Sp is satisfied. Suppose that E{T) < 1. 
There exists a positive constant Cq, which is independent of e and T , such that 

E{T)<C^{e + E{TY). (4.1) 

We omit the proof of this proposition because it is exactly the same as that of the previous 
works ([5], [H], etc.). The point is that Corollary 13.21 and the commutation relation fl2.ip 
imply 

r (□ + M2)Z-(^ - VmAd) = Z'^Vm{Nd + Rd), 
\ (□ + m')Z^{<P - Kkg) = Z\Nkg + Rkg) 

with 

\Z''^^{t,x)\ < |n|[|,,|/2]+i(|M||,.| + \du\\^\), 

|z^i?,(t,x)| < |m|J^|/2]+2(|w|ih+i + 

and 

\Z''N,{t,x)\ < ^^^^|^|^ h|[|,|/2]+2(l^llH+i + \du\\u\+i), 

where u = 0), and * stands for "D" or ^^KG" . Remark that the restriction s > 18 comes 
from the relation [(s + 1) - 2]/2 + 2 < s - 8. 



5 Proof of Theorem 1.1 



Now we are ready to prove Theorem 11.11 First we examine the global existence part of the 
theorem. The inequality (14. ip implies that there exists a constant p > 0, which does not 
depend on T, such that 

EiT) < p 

if we choose e sufficiently small. The unique global existence of the solution for (ll.ip - (ll.2l) 
is an immediate consequence of this a priori bound and the classical local existence theorem. 
Next we turn to the proof of the existence of the scattering state. Remember that 

VMi^-VMAD) = Nd + Rd 

with 

\\iNn + Rn)it,-)U^-^<{t)-'^^ 
\\VMAD{t,-)\\Hs-^<{tr'^'. 

Now we set 

V^o^ := V'o - iVMAD)\t=0 + / UDi-r)iND + RD)iT)dT 
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and — UD{t)'^Q, where Unit) — exp(— ^(q; • Vx + iM^)). Since the Duhamel formula 

yields 



^{t)-VM^D{t) = UD{t){iPo-{VM^D)\t=o)+ I Unit - t){Nd + RD){T)dT 

Jo 

/oo 
Unit - T)iND + RD)ir)dT, 

we have 

/oo 
\\{ND + RD){r)\\H^-^dT 

/oo 

As for the Klein-Gordon component, we just have to set 

POO 

0+ = 01 - 5tAi^G|,=o + / {C0s{-Tnm)) {NkG + Rkg){t, ■)dT 

Jo 

with = (m^ - A)V2. □ 
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